We introduce and we carry out some concrete spectral properties of a class of magnetic Schrödinger operators leaving invariant the space of the planar mixed automorphic forms of type (ν, μ) with respect to an equivariant pair (ρ, τ ) and given lattice Γ ⊂ C.
Introduction
The Schrödinger operator on a (compact or noncompact) Riemannian manifold M is defined by H θ f := − f − 2 √ −1(df |θ) + id * θ + |θ| 2 f , (1.1) where is the Laplace-Beltarmi operator, θ is a real C ∞ differential 1-form and (·|·) is the Hermitian inner product induced from the Riemannian metric. Such operators arise in many problems of mathematics and modern mathematical physics (see [19, 6, 2, 20] and references therein). For the particular case of M being the Euclidean plane R 2 = C and θ being the canonical vector potential θ = iν(z dz − z dz); ν ∈ R, the operator (1.1) leads to the special Hermite operator L ν given explicitly by ( [22, 24] ) 2) which describes in physics the quantum behavior of a charged particle confined in the plane, under the action of a constant magnetic field. The spectral theory of L ν on the free Hilbert space L 2 (C; dλ), of square integrable functions on C w.r.t. the usual Lebesgue measure dλ, is well known (see for example [6, 17, 4, 7, 12] ). A systematic study of L ν acting on the space of Landau automorphic functions of magnitude ν is presented in [13] .
In this paper, we deal with the space M ν,μ τ (C) of the so-called mixed automorphic forms of type (ν, μ) with respect to an equivariant pair (ρ, τ ) and a lattice Γ ⊂ C (see Section 2) . Roughly speaking, they are a class of functions defined on the plane C, satisfying a functional equation of type F (γ · z) = j ν (γ , z) j μ ρ(γ ), τ (z) F (z) (1.3) for every z ∈ C and γ ∈ Γ , where j α (γ , x); α ∈ R, is a given automorphic factor. Such notion has been introduced by Stiller [21] and extensively studied by M.H. Lee (see [16] and the references therein). It generalizes in fact the one of automorphic forms (take for example μ = 0 or let ρ and τ be the identity maps). Mixed automorphic forms appear essentially in the context of number theory and algebraic geometry and arise naturally as holomorphic forms on elliptic varieties [14] .
The (C) . For a substantially reorganized and complete exposition the reader can refer to [11] . As a consequence, we obtain classes of generalized complex Hermite polynomials involving an entire function "h" as parameter. For spatial function "h", we recover those studied in [10] . Direct applications of the last ones can be found in theoretical physics (see for example [3, 5, 23] ).
This paper is organized as follows. In Section 2, we recall some needed facts on M ν,μ τ (C). In Section 3, we carry out standard basic properties of the invariant magnetic Schrödinger operator L ν,μ τ . Section 4 is devoted to describe the structure of the associated eigenspaces in L 2 (C; dλ) and M ν,μ τ (C) for general equivariant map τ . The particular case of τ = τ h being the one associated the inner G-automorphism ρ h (g) := hgh −1 ; h ∈ G, is considered for illustration. Section 5 deals with a derived class of complex polynomials of Hermite type.
The space of mixed automorphic forms on C C C
Let T = {λ ∈ C; |λ| = 1} and consider the semidirect product group
Define j α ; α ∈ R, to be the automorphic factor given by
where here and elsewhere z denotes the imaginary part of the complex number z and ·,· denotes the usual hermitian scalar product on C. Also, let (ρ, τ ) be an equivariant pair [18, 14, 1, 16] . That is, ρ is a G-endomorphism and τ : C → C a smooth compatible mapping such that
for every g ∈ G and z ∈ C. By Γ we denote a uniform lattice of the additive group (C, +) that can be seen as a discrete subgroup of G by the identification 
for every γ ∈ Γ and z ∈ C. For instance, note that the involved factor
defines a complex valued mapping on G × C satisfying the chain rule
(2.6) Therefore, the unitary transformations T
define a projective representation of the group G on the space of C ∞ functions on C. Hence, it can be shown that the 
where is the Euclidean Laplacian on C, 
, and therefore is constant on C. This is contained in the proof of Proposition 4.1 in [9] . Indeed, this follows by writing the 
Thus (3.5) is obtained by combining (i), (ii) and (iii). This completes the proof. 2
Direct computation yields the following 
It follows also that 
(3.14)
Moreover, it satisfies the invariance property
Proof. We have
The second equation follows using the facts that
keeping in mind that θ is real, combined with (α ∧ β) = (β|α).
Straightforward computations using the equivariant condition (2.2) shows that the pullback g * of the differential form θ ν,μ τ , by the holomorphic mapping z → g · z, belongs to the same de Rham co-homology group. Precisely, we have
. (3.15) Using this and the well-known fact for simplicity. This is a well common fact for Schrödinger operators with constant magnetic field, see e.g. [8, 7] . Moreover, the concrete spectral analysis of L ν,μ τ , acting on the free Hilbert space L 2 (C; dλ), can be deduced easily by considering the transformation (2.9), i.e.,
It is a unitary and isometric transformation from the Hilbert space L 
Proof. This can be checked using (3.9) and (3.10) combined with (3.8), or also using the geometric realizations of L 
and is given explicitly by
Proof. This follows by making use of (4.1), the characterization (2.11) and Proposition 2. 
Then, we have
The following result is an immediate consequence of (4.3) above and the dimensional formula established in [13] . Namely, we have For illustration, we consider the particular case of the equivariant map τ h derived from inner G-homomorphism ρ h (g) :=
of Landau automorphic functions of weight σ with the multiplier χ h (γ ) = e −2i ξ,γ , which here χ h is a character. Note also that by solving Eq. (3.11), we get Hence, the corresponding magnetic Schrödinger operator acts on the Hilbert space L 4) and is unitary equivalent to the twisted Laplacian 
Suggested polynomials
According to the supersymmetric relationships (3.8), the corresponding eigenfunctions can be generated by iterating the (z,z|ξ) are studied and exposed in [10] .
